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System of First Order and Higher Order Ordinary Differential Equations 
 

1- Solve the following system of simultaneous equation with associated initial conditions 

using Heun’s method. 

 
𝑑𝑦

𝑑𝑥
=  𝑦 –  𝑧,           𝑦(0)  =  0 

 
𝑑𝑧

𝑑𝑥
 =  −𝑦 +  𝑧,     𝑧 (0)  =  1 

 in the range 0  x  1 with step size of 0.5. 

 

2- Solve 
𝑑2𝑦

𝑑𝑥2
 –  𝑥2 𝑑𝑦

𝑑𝑥
 –  2𝑥𝑦 =  0;  𝑦 0 =  1,

𝑑𝑦

𝑑𝑥
 0 =  0 for y(0.1) using Heun’s method. 

with step size of 0.05. 

  

3. The motion of a damped spring-mass system as shown in the Figure is described by the 

following ordinary differential equation 

𝑚
𝑑2𝑥

𝑑𝑡2
+ 𝑐

𝑑𝑥

𝑑𝑡
+ 𝑘𝑥 = 0 

where 

x : displacement from equilibrium position (m),  

t : time (s),  

m: mass = 10-kg, and  

c : the damping coefficient=5 (N • s/m).  

k: the spring constant = 40 N/m.  

The initial velocity is zero, and the initial displacement x = 1 m.  

Solve this equation using Heun’s method over the time period 0 <= t<=10 s. consider time 

step of 5 sec. 

4. Solve the following set of differential equations using Runge-Kutta Method, assuming 

that at x = 0, y1 = 3, and y2 = 5. Integrate to x = 2 with a step size of 1. 

1
1 5.0 y

dx

dy
  

21
2 y3.0y1.04

dx

dy


 
 

5. Using Runge-Kutta  method, solve the following initial-value problems for the second-

order ordinary differential equations for 0 ≤ x ≤ 1, h = 0.5,  y(0) = 0.5 and y’(0) = −0.5. by 

reducing the equations to a system of first-order ordinary differential equations 
𝑑2𝑦

𝑑𝑥2
 =  3𝑥

𝑑𝑦

𝑑𝑥
 +  2𝑥𝑦 −  3𝑥 −  2,  



 

6. Use the Runge-Kutta  method to solve 

𝑑2𝑦

𝑑𝑡2
− 𝑡 + 𝑦 = 0 

 

where y(0) = 2 and y'(0) =0. Solve from x = 0 to 4 using h = 2. 

 

 

 انسؤال الاول وانشابع محهىنين حم نمىرجً -1  

 انسؤال انثانً وانخامس سيتم ششحهم فً انسكشن -2

 انسؤال انثانث وانسادس سيحههم انطانب ويقذمهم فً تقشيش منظم فً انمىعذ انزي سيحذده انمعيذ -3

فً حانة تقذيم انتقشيش بعذ انمىعذ انمحذد فهن يقبم منو مهما كانت الاعزاس ونن تىضع نو دسجة  -4



1- 𝑅𝑒𝑝𝑙𝑎𝑐𝑒 𝑑𝑒𝑝𝑎𝑟𝑡𝑚𝑒𝑛𝑡 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒𝑠 𝑦 𝑏𝑦 𝑦1𝑎𝑛𝑑, 𝑧 𝑏𝑦 𝑦2𝑡ℎ𝑒𝑛  
𝑑𝑦1

𝑑𝑥
=  𝑦1  –  𝑦2 ,           𝑦1(0)  =  0 

 
𝑑𝑦2

𝑑𝑥
 =  −𝑦1  +  𝑦2 ,     𝑦2 (0)  =  1 

𝐺𝑖𝑣𝑒𝑛 
𝑓1 𝑥 , 𝑦1 , 𝑦2 =  𝑦1  –  𝑦2  
𝑓2 𝑥 , 𝑦1 , 𝑦2 =  −𝑦1  +  𝑦2  
𝑥 0 =  0 
𝑦1 0 =  0 
𝑦2 0 =  1 
𝑥𝑓 =  1 

ℎ =  0.5 
 

𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 
𝑦1 1 ,𝑦2 1  
𝑥1 = 𝑥0 + ℎ = 0 + 0.5 = 0.5 
𝑦1

𝑒 1 = 𝑦1 0 + ℎ𝑓1 𝑥 0 ,𝑦1 0 ,𝑦2 0  = 0 + 0.5 ∗ 𝑓1 0 , 0 , 1 = −0.500 

𝑦2
𝑒 1 = 𝑦2 0 + ℎ𝑓2 𝑥 0 , 𝑦1 0 , 𝑦2 0  = 1 + 0.5 ∗ 𝑓2 0 , 0 , 1 = 1.500 

𝑦1 1 = 𝑦1 0 + ℎ
𝑓1 𝑥 0 , 𝑦1 0 , 𝑦2 0  + 𝑓1 𝑥 1 ,𝑦1

𝑒 1 , 𝑦2
𝑒 1  

2
 

= 0 + 0.5
𝑓1 0 , 0 , 1 + 𝑓1 0.5 , −0.500 , 1.500 

2
= −0.750 

𝑦2 1 = 𝑦2 0 + ℎ
𝑓2 𝑥 0 ,𝑦1 0 ,𝑦2 0  + 𝑓2 𝑥 1 ,𝑦1

𝑒 1 ,𝑦2
𝑒 1  

2
 

= 1 + 0.5
𝑓2 0 , 0 , 1 + 𝑓2 0.5 ,−0.500 , 1.500 

2
= 1.750 

 
𝑦1 2 ,𝑦2 2  
𝑥2 = 𝑥1 + ℎ = 0.5 + 0.5 = 1 
𝑦1

𝑒 2 = 𝑦1 1 + ℎ𝑓1 𝑥 1 ,𝑦1 1 ,𝑦2 1  = −0.750 + 0.5 ∗ 𝑓1 0.5 , −0.750 , 1.750 = −2 

𝑦2
𝑒 2 = 𝑦2 1 + ℎ𝑓2 𝑥 1 , 𝑦1 1 , 𝑦2 1  = 1.750 + 0.5 ∗ 𝑓2 0.5 , −0.750 ,1.750 = 3 

𝑦1 2 = 𝑦1 1 + ℎ
𝑓1 𝑥 1 , 𝑦1 1 , 𝑦2 1  + 𝑓1 𝑥 2 ,𝑦1

𝑒 2 , 𝑦2
𝑒 2  

2
 

= −0.750 + 0.5
𝑓1 0.5 , −0.750 , 1.750 + 𝑓1 1 ,−2 , 3 

2
= −2.625 

𝑦2 2 = 𝑦2 1 + ℎ
𝑓2 𝑥 1 ,𝑦1 1 ,𝑦2 1  + 𝑓2 𝑥 2 ,𝑦1

𝑒 2 ,𝑦2
𝑒 2  

2
 

= 1.750 + 0.5
𝑓2 0.5 ,−0.750 , 1.750 + 𝑓2 1 ,−2 , 3 

2
= 3.625 

 
i x y z 

0 0 0 1 

1 0.5 -0.750 1.750 

2 1 -2.625 3.625 



4-𝐺𝑖𝑣𝑒𝑛 
𝑓1 𝑥 , 𝑦1 , 𝑦2 =  −0.5𝑦1 
𝑓2 𝑥 , 𝑦1 , 𝑦2 =  4 − 0.1𝑦1 − 0.3𝑦2 
𝑥 0 =  0 
𝑦1 0 =  3 
𝑦2 0 =  5 
𝑥𝑓 =  2 

ℎ =  1 
 

𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 
𝑦1 1 ,𝑦2 1  

𝑥1 = 𝑥0 + ℎ = 0 + 1 = 1 
𝑘1,1 =  𝑓1 𝑥 0 , 𝑦1 0 ,𝑦2 0   =  𝑓1 0 ,3 ,5  = −1.500 

𝑘1,2 =  𝑓2 𝑥 0 ,𝑦1 0 ,𝑦2 0   =  𝑓2 0 ,3 ,5  = 2.200 

𝑘2,1 =  𝑓1  𝑥 0 +
ℎ

2
, 𝑦1 0 + ℎ

𝑘1,1

2
, 𝑦2 0 + ℎ

𝑘1,2

2
 =  𝑓1 0.500 ,2.250 ,6.100 = −1.125 

𝑘2,2 =  𝑓2  𝑥 0 +
ℎ

2
, 𝑦1 0 + ℎ

𝑘1,1

2
, 𝑦2 0 + ℎ

𝑘1,2

2
 =  𝑓2 0.500 ,2.250 ,6.100 = 1.945 

𝑘3,1 =  𝑓1  𝑥 0 +
ℎ

2
, 𝑦1 0 + ℎ

𝑘2,1

2
, 𝑦2 0 + ℎ

𝑘2,2

2
 =  𝑓1 0.500 ,2.438 ,5.972 = −1.219 

𝑘3,2 =  𝑓2  𝑥 0 +
ℎ

2
, 𝑦1 0 + ℎ

𝑘2,1

2
, 𝑦2 0 + ℎ

𝑘2,2

2
 =  𝑓2 0.500 ,2.438 ,5.972 = 1.965 

𝑘4,1 =  𝑓1 𝑥 0 + ℎ , 𝑦1 0 + ℎ 𝑘3,1, 𝑦2 0 + ℎ 𝑘3,2  =  𝑓1 1 ,1.781 ,6964 = −0.891 

𝑘4,2 =  𝑓2 𝑥 0 + ℎ , 𝑦1 0 + ℎ 𝑘3,1, 𝑦2 0 + ℎ 𝑘3,2  =  𝑓2 1 ,1.781 ,6.964 = 1.733 

𝑦1 1 = 𝑦1 0 + ℎ ∗
𝑘1,1 + 2 ∗ 𝑘2,1 + 2 ∗ 𝑘3,1 + 𝑘4,1

6
 

 = 3 + 1 ∗
 −1.500 + 2 ∗  −1.125 + 2 ∗  −1.219 +  −0.891 

6
= 1.820 

𝑦2 1 = 𝑦2 0 + ℎ ∗
𝑘1,2 + 2 ∗ 𝑘2,2 + 2 ∗ 𝑘3,2 + 𝑘4,2

6
 

 = 5 + 1 ∗
 2.200 + 2 ∗  1.945 + 2 ∗  1.965 +  1.733 

6
= 6.959 

𝒚𝟏 𝟐 ,𝒚𝟐 𝟐  

𝑥2 = 𝑥1 + ℎ = 1 + 1 = 2 
𝑘1,1 =  𝑓1 𝑥 1 , 𝑦1 1 ,𝑦2 1   =  𝑓1 1 ,1.820 ,6.959  = −0.910 

𝑘1,2 =  𝑓2 𝑥 1 ,𝑦1 1 ,𝑦2 1   =  𝑓2 1 ,1.820 ,6.959  = 1.730 

𝑘2,1 =  𝑓1  𝑥 1 +
ℎ

2
, 𝑦1 1 + ℎ

𝑘1,1

2
, 𝑦2 1 + ℎ

𝑘1,2

2
 =  𝑓1 1.500 ,1.365 ,7.824 = −0.683 

𝑘2,2 =  𝑓2  𝑥 1 +
ℎ

2
, 𝑦1 1 + ℎ

𝑘1,1

2
, 𝑦2 1 + ℎ

𝑘1,2

2
 =  𝑓2 1.500 ,1.365 ,7.824 = 1.516 

𝑘3,1 =  𝑓1  𝑥 1 +
ℎ

2
, 𝑦1 1 + ℎ

𝑘2,1

2
, 𝑦2 1 + ℎ

𝑘2,2

2
 =  𝑓1 1.500 ,1.479 ,7.717 = −0.740 

𝑘3,2 =  𝑓2  𝑥 1 +
ℎ

2
, 𝑦1 1 + ℎ

𝑘2,1

2
, 𝑦2 1 + ℎ

𝑘2,2

2
 =  𝑓2 1.500 ,1.479 ,7.717 = 1.537 

𝑘_4,1 =  𝑓_1 (𝑥(1) + ℎ , 𝑦_1 (1) + ℎ 𝑘_3,1 , 𝑦_2 (1) + ℎ 𝑘_3,2)   =  𝑓_1 (2 ,1.081 ,8.496)  = −0.540 
𝑘_4,2 =  𝑓_2 (𝑥(1) + ℎ , 𝑦_1 (1) + ℎ 𝑘_3,1 , 𝑦_2 (1) + ℎ 𝑘_3,2)   =  𝑓_2 (2 ,1.081 ,8.496)  = 1.343 

𝑦1 2 = 𝑦1 1 + ℎ ∗
𝑘1,1 + 2 ∗ 𝑘2,1 + 2 ∗ 𝑘3,1 + 𝑘4,1

6
 

 = 1.820 + 1 ∗
 −0.910 + 2 ∗  −0.683 + 2 ∗  −0.740 +  −0.540 

6
= 1.105 

𝑦2 2 = 𝑦2 1 + ℎ ∗
𝑘1,2 + 2 ∗ 𝑘2,2 + 2 ∗ 𝑘3,2 + 𝑘4,2

6
 



 = 6.959 + 1 ∗
 1.730 + 2 ∗  1.516 + 2 ∗  1.537 +  1.343 

6
= 8.489 

i x y_1(i) y_2(i) 

0 0 3 5 

1 1 1.820 6.959 

2 2 1.105 8.489 

 

 
 


